
CSCI 0220 Discrete Structures and Probability R. Lewis

Recitation 2

Circuits and Sets

Review

In Recitation 1, we started discussing logical equivalences and propositions. Recall
some of the terminology for logic, most of which we talked about last week:

1. A propositional formula is a function of one or more variables, each of which
can be set to true or false, that evaluates to true or false. We call a propositional
formula a proposition for short.

2. The term logical expression is often used synonymously with the word propo-
sition.

3. Two propositions are logically equivalent when they have the same truth
tables.

4. A proposition is valid if it evaluates to true on any choice of inputs; it is
true no matter what. That is, a valid proposition is logically equivalent to the
expression (p ∨ ¬p). This is also called a tautology.

5. A proposition is satisfiable if it evaluates to true on some choice of inputs. A
valid proposition is satisfiable, but so are many propositions which sometimes
evaluate to false.

6. If a proposition is not satisfiable, it evaluates to false on any choice of inputs;
it is false no matter what. That is, it is logically equivalent to the expression
(p ∧¬p). This is called a contradiction.
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From Propositions to Circuits

Circuits are another way of representing truth tables. However, circuits can have
multiple outputs, unlike propositions; that is circuits can represent more than one
truth table. The number of outputs they have corresponds to the number of truth
tables they represent.

Their representation is supposed to help visualize how the output is computed given
the inputs, and because computer science is very much about the how, computer
scientists often like these representations of truth tables very much.

More specifically, the ∧, ∨, and ¬ operations can be represented as follows:

Together, they can represent complicated logical expressions.

Example

For instance, the following circuit (created using Zoom whiteboard) is logically
equivalent to the expression ¬x1 ∨ (x2 ∧ x3):
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Task 1

Let’s see if we can interpret these circuits! What are the logic expressions represented
by these circuits?

a.

b.

Now, let’s practice drawing circuits with the following practice exercises. We recom-
mend Google Jamboard, Google Slides, a piece of paper, or sharing whiteboard on
zoom to collaborate and draw together!

Task 2

a. Draw a circuit for the Xor operator using And, Or, and Not gates.

v Checkpoint 1 — call over a TA!
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Task 3

a. Suppose you have a one-output circuit for some arbitrary truth table. Is there a
quick way you could make a different circuit representing that same truth table?

Hint:Tryaddinggatestotheendofthecircuit.Whatgatecantakeinjust
oneinput?

b. Using this method, are there infinitely many distinct one-output circuits rep-
resenting that same truth table? How about infinitely many propositions?

c. Suppose C1 and C2 are distinct one-output circuits but represent the same
truth table. What reasons would we have to prefer one over the other?

Task 4

a. Recreate/draw the half adder circuit from lecture 2/4, which calculates the
addition of two single binary bits. More specifically, we have two inputs, A
and B, as well as two outputs s (sum) and c (carry) that should produce the
following truth table:

For this part, be sure to use the XOR gate:

K b. Optional: Given inputs x1, x2 and x3, create a circuit which outputs true if
and only if exactly one input is true.

K c. Optional: Is the circuit you just created logically equivalent to (x1 xor x2) xor x3?

v Checkpoint 2 — call over a TA!
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Set Theory

Defn 1: A set is a collection of objects with no repetition or order.

Defn 2: B is a subset of A if every element in B is also in A. This is written as
B ⊆ A.

Defn 3: The integers are the set Z = {...,−2,−1, 0, 1, 2, ...}. The non-negative
integers (also called the natural numbers) are the set N = {0, 1, 2, ...}.

Defn 4: A number n is even if n = 2k for some k ∈ Z. A number n is odd if
n = 2k + 1 for some k ∈ Z.

Defn 5: A number n is rational if n = a
b
for some a, b ∈ Z, where b ̸= 0.

Defn 6: P (A), called the power set of A, is the set of all subsets of A.

Defn 7: A ∪ B denotes the union of sets A and B. This contains all the elements
from A, and all of the elements from B.

Defn 8: A ∩ B denotes the intersection of sets A and B. This contains only the
elements that appear in both of the sets.

Defn 9: A\B denotes the difference of sets A and B. This contains elements that
appear in A but not B.

Defn 10: A denotes the complement of A relative to some universal set U . Ā =
U − A, that is, it is everything except what is in A.

Defn 11: |A| denotes the cardinality of A, which is a count of the number of
elements contained in A.

Defn 12: The symbol ∀ means for all.

Defn 13: The symbol ∃ means there exists.

Answer the following questions. Discuss your answers!
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Task 5

a. True or False: A is an arbitrary set. Answer true only if the statement is always
true. That is, answer true only if for any possible set A, the statement is true.

i. A ⊆ A

ii. {} ⊆ A

iii. {} ∈ A

b. True or False: N ⊆ Z

c. {0, 1, 9} ⊆ N

d. True or False: {−1.5, 9} ⊆ Z

e. Let Q be the set of rational numbers.

i. Q ∩ N = N
ii. Q ∪ N = R

f. True or False: S is the set of frozen beverages at Dunkin Donuts. G is the set
of all beverages at Dunkin Donuts. Coolatta is a frozen beverage at Dunkin
Donuts.

i. S ⊆ G

ii. Coolatta ⊆ S

iii. Coolatta ∈ S

iv. {Coolatta} ⊆ G

g. True or False: If A = {1, 2, 4} then {2, 4} ∈ P (A)

h. True or False: A is a set, and P (A) is the set of all subsets of A. Answer true
only if the statement is always true.

i. A ∈ P (A)

ii. A ⊆ P (A)

iii. ∅ ∈ P (A)

iv. ∅ ⊆ P (A)

6



CSCI 0220 Recitation 2 February 10, 2022

K i. Optional: In each of the following Venn diagrams, A, B, and C are sets and are
assumed to be subsets of a universal set (denoted by the rectangle). Write a
set algebraic expression (i.e. one involving union, intersection, difference, and
complement) in terms of A, B, and C for each shaded in region.

K j. Optional: Call a the cardinality of A and b the cardinality of B. Call s the
cardinality of A ∩ B. For the third picture, what is the cardinality of the set
formed from the expression you derived?

v Finall checkoff — call over a TA!
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